I. INTRODUCTION
ecently, technology to generate a strong magnetic field have been the subject of considerable research [1, 2] . In order to develop a higher magnetic flux density in the air gap, a flux concentration concept is one of the effective solutions. In these applications, the machine produces more torque compared to the rotor with surface mounted PMs [1] .
Analytical techniques have been widely developed to calculate the magnetic field distribution in permanent magnet machines. In most of these techniques, Maxwell's equations are solved by separation of variables in low permeability sub-domains (air regions, magnets, windings) [3, 4, 5, 6] . In particular, flux concentration switched PM machines have been studied in [7] .
For cylindrical structures, polar coordinates are used. The geometry consists then of radial and circumferential edges. In order to consider rectangular shapes for example, multislice models can be introduced. This leads to more complicated interface conditions and an excessive growth of the computation time (because of the multiplication of the number of sub-domains). Another solution consists of using conformal mapping to handle the non radial sides of slot domains [8] .
This study focuses on the ability of an analytical model, developed for sector magnets FCPMM, to predict the performances of rectangular magnets FCPMM. The magnets in both machines are considered to have the same volume.
The first part of the paper introduces the sector PMs FCPMM and the analytical calculation of the magnetic field by the technique of separation of variables. The analytical computations are corroborated through finite element validations.
In the second part, we will analyze the capability of the developed analytical model in predicting rectangular magnets FCPMM performances. For this purpose, the rectangular magnets are replaced by sector ones having the same volume so the analytical computation can be done. A discussion on the obtained results terminates the paper.
II. MACHINE DESCRIPTION
In our studied configuration referred as Flux Concentration Permanent Magnets Machine (FCPMM), the rotor consists of different pieces of iron and sector magnets that are fixed jointly on a non-ferromagnetic shaft. The direction of magnetization is reversed from one magnet to the next. Schematic representation of the FCPMM is shown in Fig. 1 .
The geometrical parameters of prototype FCPMM to be investigated are the inner radius of the rotor yoke R 1 , the radius of the rotor surface R 2 and the stator bore radius R 3 .
The rotor consists of 2p (p is the number of pole-pairs) sector PMs. The angular position of the i-th PM is defined ( 
where θ 0 is the initial angular position of the rotor and β the PM opening angle.
III. PROBLEM FORMULATION AND ASSUMPTIONS
In developing the 2D analytical model, a magnetic vector potential formulation is used in polar coordinates. The relative permeability is considered infinite for the iron parts and is equal to 1 for the PMs. 
A. Source Terms
The permanent magnets buried into the rotor of the machine are tangentially magnetized. Each magnet is magnetized in a reverse direction of its neighboring ones (Fig.1) . Hence, the magnetization vector of the i th permanent magnet regions is
where B r is the remanent flux density of the magnet.
The stator winding is represented by a current sheet distributed over the stator bore radius (r = R 3 ). Only the fundamental component is considered in this study.
where K m , α, p, z e are respectively the peak value of the current sheet in (A/m), the angular position of the current sheet, the number of pole pairs and the unit vector along the z axis.
B. Analytical expressions of the magnetic field in different subdomains
The studied structure is divided into a shaft (domain I), an air-gap (domain II) and a permanent magnet region (domain i) (Fig. 2) .
In order to simplify the theoretical analysis in the different sub-domains, we adopt the following notations
In polar coordinates, the Poisson's equation in the i-th permanent magnet sub-domain region is 
C. Boundary conditions The boundary conditions for the i-th PM domain ( 
The continuity conditions between the i-th PM and subdomains I, II are
The continuity of the tangential magnetic field at the interface between the permanent magnet and the shaft, can be written as
The continuity of the tangential magnetic field at the interface between the permanent magnet and the air gap can be written as 
A. General Solution of Poisson's equation in the i-th PMs sub-domain (region i)
In the i th PM sub-domain, the problem to solve is
The general solution of (17) can be written as 
B. General solution of Laplace's equation in the shaft (sub-domain I)
The shaft sub-domain and its associated boundary conditions are shown in Fig. 3 . The problem to solve is 
C. General solution of Laplace's equation in the air-gap (sub-domain II)
The air-gap sub-domain and its associated boundary conditions are shown in Fig. 3 . The problem to solve is 
where n is a positive integer, 
The magnetic flux density components are
D. Electromagnetic torque
The electromagnetic torque is obtained using the Maxwell stress tensor. A circle of radius R e in the air-gap is taken as the integration path so the electromagnetic torque is expressed as follows
where L is the axial length of the FCPMM.
According In order to validate the proposed model, the analytical results have been compared with 2-D finite-element simulations obtained using FEM software [9] . The geometrical parameters given in Table I are considered in the simulation studies. The waveforms of the flux density distribution (radial and tangential components) in the middle of the air-gap are plotted in Fig. 5 and Fig. 6 . The armature magnetic field due to the current sheet distorts both the radial and tangential flux densities obtained at no-load.
The total static torque as well as the reluctance torque vs. angular position of the current sheet are presented in Fig.7 . As expected, the pull-out torque is obtained for a load angle practically equals to π/2 electrical angle (viz. α≈π/8). Indeed, the reluctance torque is negligible (Fig.7.b) .
A very good agreement is noticed between the finite element predictions and the analytical results.
VI. VALIDITY OF THE ANALYTICAL MODEL FOR THE COMPUTATION OF FCPMM WITH RECTANGULAR PMS
The rotor of FCPMM usually uses rectangular magnets instead of sector ones. The developed analytical model is only valid for sector type permanent magnets which only contain radial and circumferential edges.
It is possible to divide the rectangular magnet into a finite number of radial slices and use the analytical model to calculate the magnetic field distribution. However, this will drastically increases the number of sub-domains and penalizes the computation time.
In this section, we will analyze the capability of the developed analytical model in predicting rectangular magnets FCPMM performances. For this purpose, the rectangular magnets are replaced by sector ones having the same volume so the analytical computation can be done. While replacing the rectangular magnet, having arc edges at R 1 and R 2 , by the sector one, there is a feasibility limit concerning the rectangular PM width (which corresponds to the chord of the arc edge). Indeed, this length couldn't exceed R 1 ×π/p (pole-pitch length). In practice, this last choice is generally adopted so the iron pieces (between magnets) are nearly triangular (the PM height has to be slightly lower than R 2 -R 1 in order to hold together the rotor pieces). The width W of the PMs is then
In this study, the sector PM angular opening is 
A. Flux density distribution and electromagnetic torque
Let's define the ratio between R 1 and R 2 as
For p=6, R 2 =50mm and α r =0.4 (the other dimensions are those given in Table I ), the width of the PMs is W=10mm. It can be seen that with the sector PMs, a large portion of magnetic flux lines from the magnets is lost through the shaft. Of course, the FCPMM with rectangular magnets doesn't offer a flux path toward the shaft which results in low leakage flux.
In Fig.9 the radial flux density waveforms in the middle of the air gap of FCPMM with rectangular and sector PMs are presented. It can be seen that the two curves are nearly the same. The harmonic spectra show that the difference between the fundamental components is about 10%. In order to appreciate the level of error introduced by the analytical model, the analytical torque results are compared to those issued from FE computations (Fig.10) . In the FE analysis, both linear and non-linear cases are considered. For the studied configuration, it can be seen that the saturation has a little influence on the torque values. Furthermore, the analytical predictions are about 7% lower than the ones computed via the non-linear FE analyses.
Obviously, this comparison has to be deeply analyzed through a parametric study. Here, we have fixed the stator bore radius R 3 and the rotor radius R 2 (the air-gap is kept constant) to their values given in Table I . Then, only the number of pole-pairs p and the ratio Fig.11 shows the pull-out torque variation versus different values of r α for p=3 and p=6. It can be seen that both the curves obtained analytically and numerically have the same tendency. It can be noticed that the torque values obtained analytically are closer to the ones predicted by FEM as α r increases. Notice that the increase of α r (typically for α r >0.7) results in lower iron surface which leads to a high saturation level. This is an important issue but it is outside the aim of this paper.
B. Influence of the magnets height on the pull-out torque
The maximum values of the torque are located in the interval α r =0.4÷0.5 for p=6 and in the interval α r =0.3÷0.5 for p=3. The pull-out torque calculated by FEM is about 74Nm for p=6 and about 66Nm for p=3. These values are about 10% higher than the ones obtained analytically. This difference is probably caused by the higher leakage flux through the shaft of the equivalent sector PMs FCPMM. Fig.12 shows the pull-out torque versus the number of pole-pairs for α r =0.1 and α r =0.4. Again, it can be seen that the two curves have the same tendency and the torque values obtained analytically are, in the worst case, 10 % lower than the ones calculated by FEM.
C. Influence of the number of pole-pairs on the pull-out torque

D. Torque optimization
In order to determine the most suitable configuration in terms of torque production of the FCPMM, Fig.13 shows the contour plots representing the pull-out torque as a function of the number of pole-pairs p and the ratio α r =R 1 /R 2 . It can be seen that the analytical and the numerical computations follow the same trend. This is an important result since the analytical model is suitable in the determination of the optimum values of p and α r that maximise the torque when the other geometrical parameters are fixed. Of course, this is of great benefit in any optimisation study since the analytical computation is very quick.
Concerning the quantitative results, the maximum value of the torque calculated by the analytical model is about 67Nm and is located in the intervals p=4÷7 and α r =0.38÷0.54. The numerical computations give a maximum torque value of about 74 Nm located in the same intervals as the analytical predictions viz. p=4÷6 and α r =0.38÷0.54. An important part of the study has been devoted to analyze the capability of the analytical model in evaluating the performances of rectangular PMs FCPMM. For this purpose, the rectangular magnets are replaced by sector ones having the same volume so the analytical computation can be done. The different computations showed that the analytical model predicts the value of the pull-out torque within a maximum error of about 10% when compared to the finite element calculations. Furthermore, it has been shown that the analytical and the numerical computations follow the same trend. This is of great benefit in any parametric or optimisation study where quick models are needed. He is currently a Lecturer of Electrical Engineering at the Groupe de Recherche en Electrotechnique et Electronique de Nancy, University of Lorraine, Nancy. His research interests include modeling and control of electrical machines, and applied superconductivity in electrical devices. He is currently a Professor of Electrical Engineering at the University of Lorraine, Nancy, where he is also a member of the Groupe de Recherche en Electrotechnique et Electronique de Nancy. His research interests include superconducting applications to electrical devices, and the control and diagnosis of electrical machines.
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